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We study the linear dynamics of a layered elastic beam by means of the asymptotic expansion method.
The beam consists of three linearly elastic isotropic layers: the middle layer is considered to be thinner
and softer than the upper and lower ones. We characterize the limit models by distinguishing three cases
of natural frequencies: the low frequencies associated with ﬂexural vibrations, the mean frequencies
associated with axial vibrations and the high frequencies, associated with transversal shear and pinching
vibrations.
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The precise determination of the natural frequencies of an elas-
tic thin structure has great importance in engineering applications.
Especially in the case of structures subjected to dynamic loads, the
knowledge of the natural frequencies can prevent resonance phe-
nomena, and, hence, the ampliﬁcation of the eigen-modes and,
ﬁnally, the deﬁnitive collapse of the structure. This becomes crucial
in the case of thin three-dimensional beams and plates, and in the
case of thin layered assemblies. For instance, for elastic isotropic
thin plates, it has been shown in Ciarlet and Kesavan (1981) and
Dauge et al. (1999), using an asymptotic analysis, that the lowest
natural frequencies are associated with bending vibrations and
they are proportional to the thickness of the structure. A three-
dimensional modal analysis is quite complex and sometimes
numerical results are not easy to be obtained. Moreover, when
we are dealing with layered thin structures with strong contrasts
in the geometry (small thicknesses) or in the mechanical proper-
ties (presence of ‘‘soft’’ or ‘‘rigid’’ layers), numerical instabilities
can occur due to those differences and to the complicated ﬁnite
elements discretization. Therefore much attention has been
directed towards the formal derivation of simpliﬁed models.
The objective of the present work is to derive a mathematical
model of the dynamical behavior of a laminated beam and to char-
acterize its natural frequencies. Although the results of this paper
can be applied to different mechanical problems, the authors have
been inspired by laminated glass beams that have been studied
from a practical, experimental and partially theoretical point of
view in Consolini (2011). In this work we want to lay down all rights reserved.
), lenci@univpm.it (S. Lenci).rational background to classical dynamical models of multilayer
beam usually used in literature.
We consider a two-dimensional beam consisting of three thin
layers made of linear elastic isotropic materials: the upper and
lower layers are called adherents, the middle layer is called adhe-
sive. In order to perform an asymptotic analysis of the dynamical
problem we choose a small real parameter e which is used to scale
respectively the thicknesses and the elastic moduli of the three lay-
ers. The thicknesses of the adherents are of order e, while the thick-
ness of the adhesive, being thinner than the upper and lower
layers, is scaled with e2. The elastic moduli of the upper and lower
layers remain unscaled, while the Lamé’s constants of the middle
layer are scaled with e2 since the adhesive is considered to be soft-
er than the adherents. We characterize the limit kinematics, the
limit eigenvalue problems and the associated limit natural fre-
quencies corresponding to three different models of free vibrations
for the laminated beam: the low, mean and high frequencies. This
problem is studied in the framework of linear elasticity, but in
principle it can be also extended to more general contexts, like vis-
coelasticity or elastoplasticity. The choice of an isotropic constitu-
tive law allows to decouple the three vibration problems.
We use the asymptotic expansion method, which consists of
approximating the solution of the actual elastic problem through
the successive terms of a power series with respect, for instance,
to the dimensions of the section or to the thickness of the layers,
considered as a small parameter. This mathematical technique
has been employed to formally justify classical theories of beams,
as in Trabucho and Viaño (1996) and theories of plates, as in Ciarlet
(1997).
The asymptotic expansion method has been applied both to
statical and dynamical problems. For what concerns with the
asymptotic methods applied to the deduction of models for the
dynamics of thin structures we can cite, for example, Davet
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quencies of a beam, Irago et al. (1998) and Irago and Viaño
(1998), for a formal deduction of axial and torsional high frequen-
cies of a beam, and for the derivation of the second corrector term
of the bending frequency of a beam, and, ﬁnally, Ciarlet and Kesa-
van (1981) and Dauge et al. (1999), for the derivation of bending
and membrane eigen-frequencies of a plate.
Different models for the statics of layered panels have been for-
mally derived through an asymptotic analysis. For instance, we can
cite Serpilli and Lenci (2008), in which a quite similar problem is
widely studied in the statical case for three different layered elastic
strip with soft and hard core, and Avila-Pozos et al. (1999), in
which the authors study an orthotropic layered plate by using e3
to scale the elastic moduli of the adhesive layer, instead of e2,
which is what we use in the present work, and Åslund (2005),
for non linear models of multilayer plates.
Other models of adhesive joints and other complex gluing of
structures have been already studied in the statical case by means
of the asymptotic expansion method and variational convergence.
For instance, important contributions have been given by the
works by Klarbring (1991) and Klarbring and Movchan (1998),
for adhesively bonded joints, Geymonat and Krasucki (1997) and
Zaittouni et al. (2002), for glued plates, Geymonat et al. (1999);
Lenci (2000) and Licht and Michaille (1997), for limit models of soft
thin adhesive joints. The asymptotic behavior of elastic thin ‘‘soft’’
and ‘‘hard’’ interfaces between two three-dimensional bodies using
functional convergence and C-convergence has been investigated
in several works and in different mathematical and mechanical
frameworks in Abdelmoula et al. (1998); Lebon and Rizzoni
(2011); Lebon and Rizzoni (2010); Lebon and Zaittouni (2010)
and Bessoud et al. (2011). Moreover, it is worth mentioning the pa-
per by Licht et al. (2009) which deals with the dynamics of elastic
bodies connected by a thin adhesive layer using the Trotter method
of approximation of semi-groups, (see Trotter (1958)). In this work
the elastodynamical problem is transformed into a ﬁrst order evo-
lution problem for the pair (displacement, velocity) in an Hilbert
space of possible state with ﬁnite energy: this gives the form of a
so-called semi-group depending on the set of the mechanical
parameters of the problem. As the parameters tend to zero, this
semi-group converges in the sense of Trotter theory towards a lim-
it which gives the convenient model.
The layout of this paper is as follows. In Section 2, we introduce
the mathematical problem associated with the dynamical behav-
ior of a three-layers beam with soft adhesive; we deﬁne a small
real parameter e and the geometrical and mechanical quantities
related to it; then we apply the asymptotic methods to obtain
the simpliﬁed models. In Section 3, we present the main Ansatz
(9) for the asymptotic expansions of the displacement ﬁeld and
of the natural frequencies of the beam. Then we study three differ-
ent cases of vibration. In Section 4, we present the problem of low
frequencies associated with bending vibration modes; in Section 5,
we derive the expression of mean frequencies associated with ax-
ial vibration modes; in Section 6, we study the high frequencies
associated with transversal shear and pinching vibration modes.Fig. 1. Reference conﬁguration.In Section 7, we give a numerical comparison between the limit
natural frequencies deduced by the asymptotic analysis and those
obtained through some numerical tests carried out by using a
commercial FEM code.
2. Statement of the problem
This section is aimed at laying down an appropriate theo-
retical and formal ground for the rest of the article. In the se-
quel, Greek indices range in the set {1,2} and the Einstein’s
summation convention with respect to the repeated indices is
adopted.
Let us consider a two-dimensional Euclidian space identiﬁed by
R2. Let 0 < e < 1 be an dimensionless small real parameter which
will tend to zero. Given a constant L > 0 we deﬁne the domain















































We consider a three-layer strip of length L occupying the refer-
ence conﬁguration Xe. We study the physical problem correspond-
ing to the mechanical behavior of a two-dimensional three-layer
beam subjected to free vibrations. The structure is clamped at both
ends on Cea; a ¼ 0; L, and the complementary part of the boundary
C;eg is traction free. The sets X
þ;e, X;e, Xm;e are respectively ﬁlled
by three homogeneous, isotropic and linearly elastic materials
characterized by the Lamé’s coefﬁcients k;e and l;e, and km;e
and lm;e respectively. As usual we assume that 3k;e þ 2l;e > 0,
l;e > 0, 3km;e þ 2lm;e > 0, lm;e > 0.
The physical eigenvalue value problem deﬁned over the vari-
able domain Xe can be written as follows:
Field equations in X;e and Xm;e :
l;eDeu;e þ ðk;e þ l;eÞrediveu;e ¼ qx2k;eu;e;
lm;eDeum;e þ ðkm;e þ lm;eÞrediveum;e ¼ qx2k;eum;e;
Boundary conditions :
ue :¼ ðuþ;e;um;e;u;eÞ ¼ 0 on Cea; a ¼ 0; L;
r;ea2 ðu;eÞ ¼ 0 on C;eg ;
Interface conditions :
u;e ¼ um;e on R;e;
r;ea2 ðu;eÞ ¼ rm;ea2 ðum;eÞ on R;e;
ð2Þ
where q is the surface mass density, xk;e represent the natural fre-
quencies of the beam, reabðueÞ are the components of the Cauchy
stress tensor, associated with the displacement ﬁeld ue ¼ ðueaÞ by
the Hooke’s generalized law, reabðueÞ ¼ keeessðueÞdab þ 2leeeabðueÞ,
and eeabðueÞ :¼ 12 ð@eaueb þ @ebueaÞ are the components of the linearized
strain tensor. We denote, respectively, with @=@xea :¼ @ea and @eaa,
the ﬁrst and the second partial derivatives with respect to xea, with
Def e :¼ @eaaf e, the two-dimensional Laplacian operator of f e, with
divefe :¼ @eaf ea , the two-dimensional divergence operator of
fe ¼ ðf ea Þ and with ref e :¼ ð@eaf eÞ, the two-dimensional gradient
operator of f e .
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assumptions regarding the dependence on the small parameter e of
the thicknesses and on the elastic moduli of the three layers. The
thicknesses h;e are linearly dependent of e, i.e., h;e ¼ eh, while
the thickness of the middle layer is thinner and it is scaled with
e2, i.e., hm;e ¼ e2h. The Lamé’s constants of Xþ;e and X;e are inde-
pendent of e and are equal between each other, so that k;e ¼ k
and l;e ¼ l, while the elastic moduli of Xm;e, which is assumed
to be softer than the upper and lower layers, present the following
dependence with respect to e : kme ¼ e2km and lme ¼ e2lm.
In order to study the asymptotic behavior of ue when the
thickness of the three layers goes to zero, by using the approach
of Ciarlet (1997), we introduce the following change of variables
pe: x :¼ ðx1; x2Þ 2 X# xe :¼ ðxe1; xe2Þ 2 Xe, that allows to transform
the problem posed on a variable domain (dependent of e) onto a
problem on a ﬁxed domain (independent of e):




; 8x 2 Xþ;
peðxÞ ¼ xe :¼ ðx1; e2x2Þ; 8x 2 Xm;




; 8x 2 X;
ð3Þ
where




































Note that we have assumed that both adherents have the same
thickness.
By using the bijection pe, we get that @e1 ¼ @1 and @e2 ¼ 1e @2 in
X, and @e1 ¼ @1 and @e2 ¼ 1e2 @2 in Xm.
With the unknowns ue :¼ ðuþ;e;um;e;u;eÞ and natural frequen-
cies xk;e, appearing in (2), we associate respectively the scaled un-
knowns uðeÞ :¼ ðuþðeÞ;umðeÞ;uðeÞÞ transformed by pe and the
scalednatural frequenciesxkðeÞbymeansof the following relations:
uðeÞðxÞ :¼ ueðxeÞ; 8xe ¼ peðxÞ 2 Xe;
x2kðeÞ :¼ x2k;e:
ð6Þ
According to the previous assumptions, problem (2) can be
reformulated on the ﬁxed domain X independent of e. We obtain
the following scaled eigenvalue problem:










ðkþ 2lÞ@22u2 ðeÞ þ
1
e




lm@22um1 ðeÞ þ ðkm þ lmÞ@12um2 ðeÞ þ e2ðkm þ 2lmÞ@11um1 ðeÞ
¼ qx2kðeÞum1 ðeÞ; ð7Þ
1
e2
ðkm þ 2lmÞ@22um2 ðeÞ þ ðkm þ lmÞ@12um1 ðeÞ þ e2lm@11um2 ðeÞ
¼ qx2kðeÞum2 ðeÞ;Boundary conditions :
uðeÞ ¼ 0 on C0;L;
ra2ðuðeÞÞ ¼ 0 on Cg ;
Interface conditions :
uðeÞ ¼ umðeÞ on R;
ra2ðuðeÞÞ ¼ rma2ðumðeÞÞ on R;








ðkþ 2lÞ@2u2 ðeÞ þ k@1u1 ðeÞ;
rm12ðumðeÞÞ :¼ lm@2um1 ðeÞ þ e2lm@1um2 ðeÞ;
rm22ðumðeÞÞ :¼ ðkm þ 2lmÞ@2um2 ðeÞ þ e2km@1um1 ðeÞ:
ð8Þ
The aim of the present work is to study the behavior of the
problem when e tends to zero and to characterize the limit solu-
tion. From a practical point of view, this means that we are looking
for a simpliﬁed model of the original problem whose solution is
easier to compute and still a good approximation of the actual
solution ðuðeÞ;x2kðeÞÞ: mathematically, this means to evaluate the
lime!0ðuðeÞ;x2kðeÞÞ.
3. Asymptotic analysis
We can now perform an asymptotic analysis of the rescaled
problem (7). Since it has a polynomial structure with respect to
the small parameter e, we can look for the solution of the problem
as a series of powers of e:
uðeÞ ¼ u0 þ eu1 þ e2u2 þ e3u3 þ    ;
x2kðeÞ ¼ epx2k;p þ epþ1Kk;pþ1 þ epþ2Kk;pþ2 þ   
ð9Þ
with p 2 f2;0;2g.
The choice of the value of p has a fundamental inﬂuence on the
limit model, as shown by Davet (1987) and Dauge et al. (1999). In-
deed by choosing p 2 f2;0;2g we will cover part of the spectrum
of the possible frequencies and modal forms of the considered lay-
ered beam. For instance by taking p ¼ 2 we focus our attention to
natural frequencies of order 1 (low frequencies) corresponding to
wavelengths of the order of the unit. The vibration modes are inde-
pendent of the transversal coordinate x2 and from a mechanical
point of view they represent bending waves propagating along
the length of the beam. By choosing p ¼ 0 we obtain natural fre-
quencies of order 0 (mean frequencies). This waves propagates
along the length of the beam, the modes are independent of x2
and they represent axial or stretching waves. If we want to obtain
a limit model in which the waves propagate in both directions,
through the thickness and along the length of the beam, thus, we
need to choose p ¼ 2: this corresponds to high frequencies re-
lated to wavelengths of the order of e.
By substituting (9) into the scaled eigenvalue value problem (7)
and by identifying the terms with identical power of e, we obtain
the following sequence of equations for p 2 f2;0;2g:
Field equations in X and Xm :¼
l@22u;i1 þ ðkþ lÞ@12u;i12 þ ðkþ 2lÞ@11u;i21








ðkþ 2lÞ@22u;i2 þ ðkþ lÞ@12u;i11 þ l@11u;i22
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ðkm þ 2lmÞ@22um;i2 þ ðkm þ lmÞ@12um;i21 þ lm@11um;i42 ð10Þ








with i;n 2 N and q :¼ i 2 p 2 N;
Boundary conditions:
ui ¼ 0 on C0;L;
r;ia2 ðu;i;u;i1Þ ¼ 0 on Cg ;
Interface conditions:
u;i ¼ um;i on R;
r;ia2 ðu;i;u;i1Þrm;ia2 ðum;i1;um;i3Þ on R;
where
r;i12 ðu;i;u;i1Þ :¼ l@2u;i1 þ l@1u;i12 ;
r;i22 ðu;i;u;i1Þ :¼ ðkþ 2lÞ@2u;i2 þ k@1u;i11 ;
rm;i12 ðum;i1;um;i3Þ :¼ lm@2um;i11 þ lm@1um;i32 ;
rm;i22 ðum;i1;um;i3Þ :¼ ðkm þ 2lmÞ@2um;i12 þ km@1um;i31 :
ð11Þ
Now we can study each eigenvalue value problem (10) and
characterize the displacement ﬁelds ui for each i 2 N and the nat-
ural frequencies Kk;pþn for each n 2 N. We call respectively limit dis-
placement ﬁeld and limit natural frequency the leading terms
ðu0;xk;pÞ, with p 2 f2;0;2g, of the asymptotic expansions (9)
and limit problem the associated eigenvalue problem.
4. Low frequencies: limit problem for p ¼ 2
In this section we characterize the limit eigenvalue problem
associated with ðu0;xk;2Þ, which mechanically represents free
bending vibrations of a three-layers beam. The limit problem when
p ¼ 2 is presented in the following theorem:
Theorem 1. The leading term u0 :¼ ðuþ;0;um;0;u;0Þ of the asymp-
totic expansion (9) is such that
uþ;02 ðx1; x2Þ ¼ um;02 ðx1; x2Þ ¼ u;02 ðx1; x2Þ :¼ U02ðx1Þ;
u01ðx1; x2Þ ¼ 0; ð12Þ









2 ðx1Þ  qx2k;2hU02ðx1Þ ¼ 0;
U02ð0Þ ¼ U02ðLÞ ¼ 0;
U0
0
2 ð0Þ ¼ U0
0
2 ðLÞ ¼ 0:
8>><>: ð13Þ
The limit natural frequency of the beam xk;2 is the solution of the fol-
lowing equation:










: ð15ÞProof. For the sake of clarity the proof is divided into ﬁve parts.
(i) The boundary value problem corresponding to i ¼ 0 in (10)
takes the following form:l@22u;01 ¼ 0; ðkþ 2lÞ@22u;02 ¼ 0 in X;





















¼ um;0 x1; h2
 
: ð16ÞThis problem leads to the following characterization of u0:u;0a ðx1; x2Þ :¼ A;0a ðx1Þ;
um;0a ðx1; x2Þ ¼ 12 Aþ;0a þ A;0a
 




(ii) The next boundary value problem for i ¼ 1 is:l@22u;11 ¼ ðkþ lÞ@12u;02 in X;
ðkþ 2lÞ@22u;12 ¼ ðkþ lÞ@12u;01 in X;
lm@22um;11 ¼ 0 in Xm;







































¼ um;1 x1; h2
 
: ð18ÞFrom Eq. (18), we derive that Aþ;0a ðx1Þ ¼ A;0a ðx1Þ, and, thus,
uþ;0a ðx1Þ ¼ u;0a ðx1Þ ¼ um;0a ðx1Þ :¼ U0aðx1Þ: ð19ÞThus, at order zero, the three layers beam is reduced to a monolithic
one, consisting of just one layer. Moreover, we get an expression of
the displacement ﬁeld u1:u;11 ðx1; x2Þ ¼ B;11 ðx1Þ  x2U0
0
2 ðx1Þ;
u;12 ðx1; x2Þ ¼ B;12 ðx1Þ  x2 kkþ2lU0
0
1 ðx1Þ;





ðBþ;11 þ B;11 Þ; Bm;12 :¼
1
2

















ð21Þ(iii) The boundary value problem for i ¼ 2 reads as follows:l@22u;21 ¼ðkþlÞ@12u;12 ðkþ2lÞ@11u;01 in X;
ðkþ2lÞ@22u;22 ¼ðkþlÞ@12u;11 l@11u;02 in X;
lm@22um;21 ¼ðkmþlmÞ@12um;02 2 in Xm;








































: ð22ÞThe interface conditions in (22) yield immediately to U01 ¼ 0 and




2 ¼ Bm;12 . The dis-






u;12 ðx1; x2Þ ¼ Bm;12 ðx1Þ;
um;1a ðx1; x2Þ ¼ Bm;1a ðx1Þ:
8>><>: ð23Þ
At order one, we obtain a Navier–Bernoulli-type displacement ﬁeld
with no jump of the displacement ﬁeld at the adhesive interface.
From the equations of problem (22), we obtain the following form
of displacement ﬁeld u2:u;21 ðx1;x2Þ¼B;21 ðx1Þx2Bm;1
0
2 ðx1Þ;









um;2a ðx1;x2Þ¼Bm;2a ðx1Þþx2Am;2a ðx1Þ;
8>><>>:


















ð25ÞAt order two, we start seeing the presence of a shearable adhesive
middle layer, which allows the adherents to slide on one another,
creating a jump of the displacement ﬁeld between the upper and
lower layers at the adhesive interface.
(iv) By using the expressions of displacement ﬁelds u0, u1 and u2
obtained in (i), (ii) and (iii), and the following equations of
the boundary value problem for i = 3:l@22u;31 ¼ ðkþ lÞ@12u;22  ðkþ 2lÞ@11u;11 in X;
ðkþ 2lÞ@22u;32 ¼ ðkþ lÞ@12u;21  l@11u;12 in X;
lm@22um;31 ¼ ðkm þ lmÞ@12um;12 in Xm;


















um;3a ðx1; x2Þ ¼ Bm;3a ðx1Þ þ x2Am;3a ðx1Þ:
8>>>><>>>>:
ð27ÞFunctions B;22 and A
;3
1 satisfy the following relation:Bþ;22 þ B;22
 00






2 : ð28Þ(v) Let us consider the following equations deriving from




















By integrating, respectively, the ﬁrst equations of (29) along the
thickness of each layer and by applying the boundary and interface
conditions, we obtain:
l Bþ;2002 þ B;2002
 








By combining relations (28) and (30), we ﬁnally get the limit prob-




2 ðx1Þ  qx2k;2hU02ðx1Þ ¼ 0;
U02ð0Þ ¼ U02ðLÞ ¼ 0;
U002 ð0Þ ¼ U002 ðLÞ ¼ 0:
8>><>: ð31Þ
where the second boundary condition is obtained by virtue of the
form of u1 in (23). The limit natural frequency of the beam xk;2
can be characterized explicitly by the following relation (see, for in-
stance, Timoshenko and Goodier (1951)):











Remark 1. As already claimed at the beginning of Section 3, since
the axial component U01 of the limit displacement ﬁeld is
identically equal to zero, the limit model for p ¼ 2 corresponds to
ﬂexural vibrations propagating along the x1-coordinate, i.e. along
the length of the beam. Moreover, since uþ;02 ðx1Þ ¼ u;02 ðx1Þ ¼ um;02
ðx1Þ :¼ U02ðx1Þ, the simpliﬁed model homogenizes the three-
layer beam into one consisting of just one layer. Thus the inﬂuence
of the middle soft layer is negligible at least at the zeroth and at
the ﬁrst order of the asymptotic expansion. This model is similar
to the one obtained by Davet (1987) for the free vibrations of a sin-
gle layer elastic beam and it is also coherent with the results
obtained in Dauge et al. (1999) in the case of plates.
Rewriting Eq. (32) in the form cosðKLÞ ¼ 1= coshðKLÞwe see that
for large values of KL one has cosðKLÞ ’ 0, namely, KL ’ p2 ð2kþ 1Þ,
















where E and m are, respectively, the Young’s modulus and the Pois-
son’s coefﬁcient of the upper and lower layers. The coefﬁcient E1m2 is
an equivalent elastic modulus of X which appears commonly in
the two-dimensional theory of elasticity.Remark 2. It is well-known that problem (31) is usually associated
with a Navier–Bernoulli ﬂexural beammodel. Even though we can-
not ﬁnd a Navier–Bernoulli-type kinematics at order zero, however
we can recover it at the ﬁrst order of the asymptotic expansion. In
fact, since uðeÞðxÞ ¼ u0ðxÞ þ eu1ðxÞ þ   , we have:





þ    ;
u2 ðxÞ ¼ U02ðx1Þ þ eBm;12 ðx1Þ þ    ;
um1 ðxÞ ¼ eBm;11 ðx1Þ þ    ;
um2 ðxÞ ¼ U02ðx1Þ þ eBm;12 ðx1Þ þ   
8>>><>>>:
ð34Þ
Going backward to the physical unscaled variables we have, up to
the order zero,
u;e1 ðxeÞ ¼ e x2  h2
	 

U002 ðxe1Þ þ    ¼ xe2U002 ðxe1Þ þ    ;
u;e2 ðxeÞ ¼ U02ðxe1Þ þ    ;
um;e1 ðxeÞ ¼ 0þ    ;
um;e2 ðxeÞ ¼ U02ðxe1Þ þ    ;
8>>><>>: ð35Þ
which is the Navier–Bernoulli displacement ﬁeld.5. Mean frequencies: limit problem for p ¼ 0
In this section we characterize the limit eigenvalue problem
associated with ðu0;xk;2Þ. From a mechanical point of view, it cor-
responds to free axial vibrations of the laminated beam. The limit
problem when p ¼ 0 is characterized in the following theorem:
Theorem 2. The leading term u0 :¼ ðuþ;0;um;0;u;0Þ of the asymp-
totic expansion (9) is such that
uþ;01 ðx1; x2Þ ¼ um;01 ðx1; x2Þ ¼ u;01 ðx1; x2Þ :¼ U01ðx1Þ;
u02ðx1; x2Þ ¼ 0;
ð36Þ







1 ðx1Þ þ qx2k;0U01ðx1Þ ¼ 0;










is the limit natural frequency of the beam.Proof. Since the boundary value problems for i ¼ 0;1 are identical
to those presented in the Proof of Theorem 1 in Section 4, in the
sequel, we use the results previously obtained, i.e., the character-
ization of the displacement ﬁelds u0 and u1.
We directly start by posing p ¼ 0 and i ¼ 2 in (10) and we get:
ðkþ 2lÞ@22u;22 þ ðkþ lÞ@12u;11 þ l@11u;02 ¼ qx2k;0u;02 in X;















Afterwards by integrating the ﬁrst equations of (39) along the thick-
ness of each layer, by applying the boundary conditions and the
interface conditions, we obtain that U02 ¼ 0, i.e., the transversal dis-
placement at order zero vanishes.
By choosing i ¼ 2, we also obtain the following set of equations:














¼ 0: ð40ÞBy using Eq. (40) we can ﬁnally characterize the limit problem for
the axial displacement U01. Indeed by integrating the ﬁrst Eq. (40)




1 ðx1Þ þ qx2k;0U01ðx1Þ ¼ 0;
U01ð0Þ ¼ U01ðLÞ ¼ 0:
(
ð41Þ
We can now characterize the limit natural frequency xk;0 (see,








where C 2 R is an arbitrary constant and k 2 N. hRemark 3. As already announced at the beginning of Section 3,
since the transversal component U02 of the limit displacement ﬁeld
vanishes, the limit model for p ¼ 0 corresponds to axial or stretch-
ing vibrations propagating along the x1-coordinate, i.e. along the
length of the beam. Besides, since uþ;01 ðx1Þ ¼ u;01 ðx1Þ ¼ um;01 ðx1Þ
:¼ U01ðx1Þ, the simpliﬁed model reduces the three layer beam to
one consisting of just one layer. Thus in the limit model we cannot
perceive the presence of the soft thin adhesive layer and its effects
on the dynamics of the beam. This model is formally equivalent to
the one obtained by Davet (1987) for a single layer elastic beam
and Dauge et al. (1999) for membranes.
The limit natural frequency expressed in terms of the Young’s
modulus E and the Poisson’s coefﬁcient m of the upper and lower






: ð43Þ6. High frequencies: limit problems for p ¼ 2
In this Section we are looking for a limit model when p ¼ 2. In
this case we obtain two kinds of different waves: the transversal
shear waves, in which the main displacement is the one along
the x1-coordinate, and the pinching waves, in which the main dis-
placement is the one along the x2-coordinate. In both cases, the
waves propagate on both directions x1 and x2 with a wavelength
along the x2-coordinate of the order of magnitude of the thickness
of the adherents.
6.1. Transversal shear frequencies
Theorem 3. The leading term u0 :¼ ðuþ;0;um;0;u;0Þ of the asymp-
totic expansion (9) is such that
	 Even k 2 N






























ð44Þ	 Odd k 2 N
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Aþ;0
00
1 xðx1Þ  F kðKk;0ÞAþ;01 ðx1Þ ¼ GkA;01 ðx1Þ;
A;0
00
1 ðx1Þ  F kðKk;0ÞA;01 ðx1Þ ¼ GkAþ;01 ðx1Þ;
Aþ;01 ð0Þ ¼ Aþ;01 ðLÞ ¼ 0; A;01 ð0Þ ¼ A;01 ðLÞ ¼ 0;
8>><>: ð47Þ
where coefﬁcients F kðKk;0Þ and Gk are deﬁned in (A.1).Proof. For simplicity the proof is divided into four parts.
(i) Since xk;2 has to be unique, in the sequel we assume that
u;02 ¼ um;02 ¼ 0. Thus the eigenvalue value problem corre-
sponding to i ¼ 0 in (10), when p ¼ 2, reduces to:l@22u;01 þ qx2k;2u;01 ¼ 0 in X;




















ð48ÞBy solving this differential system one can ﬁnd, respectively, the
form of the natural frequency xk;2 and the form of the limit dis-






































































and, for both, sinðakpÞ – 0.
Functions A;01 and B
;0
1 are unknown for the moment. Our main
objective is to determine the form of these unknown functions
and completely characterize the limit displacement ﬁeld u0.
(ii) Let us characterize the frequency Kk;1 by using the follow-















ð52ÞLet us apply the solvability condition to problem (52) for, respec-
tively, even and odd frequencies, deﬁned over Xþ and X.	 Even k
The solvability conditions deﬁned over Xþ and X imply
























The solvability conditions for odd frequencies gives
B;01 ðx1Þ ¼ 0; ð54Þ
which implies that u;01 ¼ um;01 ¼ 0
Let us update the form of the displacement ﬁeld u0 using the above
results:	 Even k
































u;01 ðx1; x2Þ ¼ um;01 ðx1; x2Þ ¼ 0: ð56Þ(iii) The knowledge of the natural frequency Kk;1 allows to fully
obtain the form of displacement ﬁeld u1, as follows:
	 Even k
u;11 ðx1; x2Þ ¼ A;11 ðx1Þ cos kph x2
	 
þ B;11 ðx1Þ sin kph x2	 





um;11 ðx1; x2Þ ¼ Am;11 ðx1Þ cos a kph x2
	 








































1 .	 Odd k




um;11 ðx1; x2Þ ¼ Cm;11 ðx1Þ cos a kph x2
	 
þ Dm;11 ðx1Þ sin a kph x2	 
;
(
ð58Þwhere Cm;11 and D
m;1
1 are known functions of B
;1
1 .
The x2-component of the displacement ﬁeld u1 is obtained by inte-






























ð59ÞThe natural frequencies associated with problem (59) are x
n ¼ np2h,




















k– n2. Therefore x is
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, we get:	 Even k

















; ð60Þwith A;12 ðx1Þ ¼ ckA;0
0
1 ðx1Þ and B;12 ðx1Þ ¼ dkA;0
0
1 ðx1Þ. Coefﬁcients ck
and dk are shown in (A.1) in Appendix A.	 Odd k
u;12 ðx1; x2Þ ¼ 0: ð61Þ(iv) Let us consider the eigenvalue value problem for i ¼ 2:
l@22u;21 þ qx2k;2u;21 ¼ ðkþ lÞ@12u;12  ðkþ 2lÞ@11u;01


















: ð62ÞSince xk;2 is a natural frequency, we need to apply the solvability
condition, which allows us to determine functions A;01 , and, hence,
fully characterize the zeroth order displacement ﬁeld. So we get:Aþ;0
00
1 ðx1Þ  F kðKk;0ÞAþ;01 ðx1Þ ¼ GkA;01 ðx1Þ;
A;0
00
1 ðx1Þ  F kðKk;0ÞA;01 ðx1Þ ¼ GkAþ;01 ðx1Þ;
Aþ;01 ð0Þ ¼ Aþ;01 ðLÞ ¼ 0; A;01 ð0Þ ¼ A;01 ðLÞ ¼ 0;
8><>>: ð63Þ
where coefﬁcients F kðKk;0Þ and Gk are listed in (A.1), in Appendix A.
By solving system (63), we can characterize the second corrector
term Kk;0, as follows:sinh L
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ








ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃF kðKk;0Þ  Gkp could be either complex or
real numbers, this changing signiﬁcantly the behavior of functions
A;01 and the values of natural frequencies Kk;0. As we already men-
tioned in the Introduction to this paper, this work is conceived to
give a theoretical background and justiﬁcation to classical mathe-
matical models of the dynamics of laminated glass beams. If we
take into account practical values of the adherents Lamé’s coefﬁ-
cients k and l, and of the adhesive Lamé’s coefﬁcients km and lm,
deriving, for instance, from materials used in laminated glass
beams (see, for instance, Asik and Tezacan (2005) and De Belder
et al. (2010)) we realize that
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃF kðKk;0Þ  Gkp 2 C. Hence, one has:
A;01 ðx1Þ ¼ C1 sinð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F kðKk;0Þ þ Gk
q
x1Þ þ C2 sinð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F kðKk;0Þ  Gk
q
x1Þ;
Aþ;01 ðx1Þ ¼ C1 sinð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F kðKk;0Þ þ Gk
q
x1Þ  C2 sinð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ











F kðKk;0Þ  Gk
q
Þ ¼ 0; ð66Þ
which permits to determine two categories of natural frequencies

















Therefore the zeroth order limit displacement ﬁeld u0 for even k
becomes:
u;01 ðx1;x2Þ ¼ C1 sinð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃF kðKk;0ÞþGkp x1Þ
C2 sinð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃF kðKk;0ÞGkp x1Þcos kph x2	 
;















u;02 ðx1;x2Þ ¼ um;02 ðx1;x2Þ ¼ 0:
8>>>><>>>:
ð68ÞRemark 5. It is remarkable that, by virtue of this high frequencies
asymptotic approach, we can formally derive a limit model for
wave propagation in a generalized waveguide consisting of three
layers with different rigidities without any a priori assumption,
(see, for instance, Achenbach, 1973).
Besides, in the case of transversal shear frequencies, we can
characterize not only the leading term xk;2, but also, respectively,
the second and third corrector terms of the asymptotic expansion
of natural frequencies, Kk;1 and Kk;0. This implies a much better
approximation of the natural frequencies xk;e of the initial
dynamical problem for a layered beam.6.2. Pinching frequencies
The choice of p ¼ 2 in the asymptotic expansion of the fre-
quencies (9) induces a decoupling of the possible vibrations of the
layered beam, respectively, the transversal shear and the pinching
frequencies. Since the calculations to obtain the expressions of
the limit displacement ﬁeld u0 and the limit natural frequencies
xk;2 for pinching vibrations are analogous to those developed in
Section 6.1, in what follows we just summarize the main results.
Hence, the leading term u0 :¼ ðuþ;0;um;0;u;0Þ of the asymp-
totic expansion (9) is such that.
	 Even k 2 N
u;01 ðx1; x2Þ ¼ um;01 ðx1; x2Þ ¼ 0;




























ð69Þ	 Odd k 2 N








Moreover, functions A;02 satisfy the following eigenvalue problem:
Aþ;0
00
2 ðx1Þ  eF kðKk;0ÞAþ;02 ðx1Þ ¼ eGkA;02 ðx1Þ;
A;0
00
2 ðx1Þ  eF kðKk;0ÞA;02 ðx1Þ ¼ eGkAþ;02 ðx1Þ;
Aþ;02 ð0Þ ¼ Aþ;02 ðLÞ ¼ 0; A;02 ð0Þ ¼ A;02 ðLÞ ¼ 0;
8><>>: ð72Þ
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Even for pinching vibrations, we ﬁnd a form of the ﬁrst correc-
tor term Kk;1 of the natural frequency,
Kk;1 ¼ 2kp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ



















and, the equation satisﬁed by the second corrector term Kk;0:
sinh L
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃeF kðKk;0Þ þ eGkq  sinh L ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃeF kðKk;0Þ  eGkq  ¼ 0: ð74Þ7. A numerical example
This section is devoted to a numerical comparison between the
theoretical limit natural frequencies obtained by means of the
asymptotic expansions approach and the natural frequencies of a
two-dimensional layered thin beam with soft adhesive. The
numerical analysis is carried out by using a commercial ﬁnite ele-
ment code.
The real problem is solved numerically by considering a two-
dimensional three-layers beam, clamped at both ends. The imple-
mented layered beam model preserves the same thickness and
stiffness ratios between the adherents and the adhesive used in
the asymptotic model, i.e., by deﬁning a small parameter e, we
have:
h;e ¼ eh; hm;e ¼ e2h; E;e ¼ E; Em;e ¼ e2Em: ð75Þ
The problem is numerically solved by decreasing values of e. As
starting point we choose the typical Young’s moduli of a laminated
structural glass beam. For the upper and lower layers, we set
E;e ¼ 7 1010 N/m2 and m ¼ 0:2. For the middle layer we consider
Em;e ¼ 9:5 108 N/m2 and mm ¼ 0:49.
The comparison with the asymptotic analysis is performed in
the three cases presented in the previous Sections, namely, the
low bending frequencies, the mean axial frequencies, and, ﬁnally,
the high transversal shear frequencies.
7.1. Low frequencies
Let us recall the value of the ﬁrst bending eigen-frequency solu-
tion of (32):








At ﬁrst we set e ¼ 0:1 and we let it decreases. We plot the ﬁrst nat-




¼ x2k;2 þ eKk;3 þ e2Kk;4 þ    ; ð77Þ
suggests that the ratio xkðeÞe converges to xk;2, when e tends to zero.
The numerical results conﬁrm this guess: indeed, the ratio f0;2e tends
to the theoretical value as e decreases.
Fig. 2 shows that the limit natural frequency we found is a good
approximation of the natural frequency of the two-dimensional
layered beam, when e tends to zero. Indeed, in the last numerical
simulation that we performed, with e ¼ 0:005, the relative error
for the ﬁrst natural bending frequency is of 3.8%. Below that value
of e, numerical instabilities and lack of convergence appeared due
to thinness of the middle layer which entails a very difﬁcult dis-
cretization. This fact conﬁrms the importance of adopting a re-
duced model, which overcomes these numerical instabilities with
a reliable approximation.
7.2. Mean frequencies
Let us recall the value of the ﬁrst axial eigen-frequency:








We plot the ﬁrst natural frequency f1;0 vs the thickness of the adher-
ents e in Fig. 3.
From the asymptotic analysis, when p ¼ 0, we have that
x2kðeÞ ¼ x2k;0 þ eKk;1 þ e2Kk;2 þ    ð79Þ
Hence, we expect that xkðeÞ will tend to xk;0, as e tends to zero. As
we can notice from Fig. 3, the numerical results conﬁrm that the
ﬁrst axial natural frequency f1;0 converges to the theoretical value
when e decreases. The relative error related to the last numerical
test is less than 0.9%, for thin layered beam with slender ratio lessFig. 3. First axial natural frequency.
Fig. 4. First transversal shear natural frequency.
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totic analysis is a very good approximation of the ‘‘real’’ axial
frequency.
7.3. High frequencies
Let us recall the value of the ﬁrst transversal shear eigen-
frequency:








We plot the ﬁrst natural frequency f1;2 multiplied by e vs the thick-
ness of the adherents e in Fig. 4.
Since in the case p ¼ 2 we have
exkðeÞð Þ2 ¼ x2k;2 þ eKk;1 þ e2Kk;0 þ    ; ð81Þ
the quantity exkðeÞ is expected to converge toward xk;2 when e
tends to zero. The comparison between the numerical and the the-
oretical values shows that ef1;2 actually converges toward limit
asymptotic value. In this particular case, with a thickness ratio of
0.5% the relative error becomes negligible (less than 0.01%).
8. Concluding remarks and further developments
A rational deduction of three different vibration models for a
laminated beam has been carried out by means of the asymptotic
expansion method. By varying p 2 f2;0;2g in (9) we manage
two study three different types of frequencies: the low, mean and
high frequencies.
For what concerns low and mean frequencies, we characterize,
respectively, the limit displacement ﬁeld u0 and the limit natural
frequencies xk;2 and xk;0. The low frequencies model corresponds
to a beam subjected to free bending vibrations. The mean frequen-
cies model corresponds to a beam subjected to free axial vibra-
tions. For both cases we ﬁnd that the presence of the adhesive is
negligible, and, thus, the limit model corresponds to a Navier–Ber-
noulli-type monolithic beam. For further developments it will be
interesting to ﬁnd, at least, two corrector terms of the asymptotic
expansion of the frequencies to better understand the behavior
of the frequencies as a function of e, i.e., the thickness of the layers.
Concerning the high frequencies models, we ﬁnd two types of
possible vibration modes: the transversal shear vibrations and
the pinching vibrations. In this case the adhesive is perceived
and we do not obtain a classical one-dimensional vibration model
for a beam, but a vibration model in a layered two-dimensional
waveguide in which the waves propagate in both directions. It is
also interesting that we naturally deduced the expression of the
natural frequency xk;2 and two corrector terms, namely, Kk;1
and Kk;0.
The analytical deduction is supported by some numerical simu-
lations obtained by the ﬁnite element method. It is shown that, by
decreasing e, i.e., the thicknesses of the layers and the stiffness of
the adhesive, the numerical values of the ﬁrst natural frequencies,
in the three different cases, tend to the theoretical values, thus
entailing a better approximation. The speed of convergence is lar-
ger with the high frequencies models and smaller with the low fre-
quencies model.
As far as further developments are concerned, we believe that
obtaining some ‘formal’ convergence results of the two-dimen-
sional solution towards the solution of the simpliﬁed models for
the three cases of study is worthy. This would justify even better
the proposed limit models.
It would be also interesting to derive a simpliﬁed model for the
dynamical behavior of a three layer beam with strong adhesive or
with an adhesivewith similar rigiditywith respect to the adherents.Acknowledgment
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Appendix A
The expressions of F kðKk;0Þ;Gk; eF kðKk;0Þ and eGk take the
following forms:
F kðKk;0Þ :¼ Kk þWk;0ðKk;0ÞMk ;
Gk :¼ DkMk ;







cos bkpð Þ  h
2
;




























































eF kðKk;0Þ :¼ eKk þfW k;0ðKk;0ÞfMk ;eGk :¼ eDkfMk ;fW k;0ðKk;0Þ :¼ qhKk;02ðkþ 2lÞ ;















eKk :¼ qhKk;18ðkþ 2lÞ tan2 ea kp2
 






4kpðkþ 2lÞea tan ea kp2
 




eDk :¼ qhKk;18ðkþ 2lÞ tan2 ea kp2
 




4kpðkþ 2lÞea tan ea kp2
 




eck :¼ 4ð1Þk2hbkp sin kp2b
 
;







  : ðA:2Þ
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